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The transient properties of a bistable system with correlations between additive and multiplicative noise
terms are investigated. The explicit expressions of the mean first-passage time~MFPT! are obtained. The
numerical computations show that the MFPT of the system is affected byl, the strength of correlations
between additive~intensitya! and multiplicative~intensityD! noise terms. For the case of perfectly correlated
noises~l51!, the MFPT corresponding toa.D anda,D exhibits very different behaviors, and the MFPT
for a5D diverges to infinity.@S1063-651X~96!07105-3#

PACS number~s!: 05.40.1j

I. INTRODUCTION

Though various noises are presented simultaneously in
some stochastic processes, noises are assumed to have dif-
ferent origins and are treated as independent random vari-
ables in most of the previous investigations@1–11#. How-
ever, in certain situations noises may have a common origin
and thus may be correlated with each other as well@12–20#.

Fox discussedN-component stochastic processes with
correlations between the noises, and obtained an explicit
equation for the probability distribution to first order in the
correlation time by using the method of ordered operator
cumulants@12#. In the limit of the correlation times going to
zero, Fox’s equation can reduce to a general Fokker-Planck
equation for stochastic processes driven by correlated white
noises.

Recently the steady-state statistical properties of a
bistable kinetic model with correlations between additive and
multiplicative noise terms have been discussed in Ref.@18#.
They showed that in thea-D parameter plane, the critical
curve separating the unimodal and bimodal regions of the
stationary probability distribution~SPD! of the model is
shown to be affected byl, the strength of correlations be-
tween additive and multiplicative noise terms, the area of the
bimodal region in thea-D plane is contracted asl is in-
creased; whena andD are fixed, the form of SPD changes
from a bimodal to a unimodal structure asl is increased. The
positions of the extrema of SPD depend sensitively on the
intensity of the multiplicative noiseD and weakly depend on
the additive noise intensitya; For the case of perfectly cor-
related noises~l51!, the SPD’s corresponding toa/D.1
and a/D,1 exhibit a very different shape of divergence,
anda/D51 plays the role of a critical ratio. A natural ques-
tion is whether these changes of SPD are reflected in the
transient properties. However, the transient properties of the

bistable kinetic model driven by correlated noises have not
been discussed. It must be pointed out that the escape time of
the bistable system with independent noise terms~l50! was
analyzed in Ref.@11#. It showed that the numerical results do
not show any significant change in the MFPT associated with
a change of the stationary distribution.

In this paper, the transient properties of the bistable sys-
tem with correlations between additive and multiplicative
noise terms are investigated. Our interest here is to discuss
the effects of the strength of correlated noises on mean first-
passage time~MFPT!. In Sec. II the SPD of the system is
presented. The explicit expressions of MFPT are obtained in
Sec. III. We end with conclusions from the numerical com-
putations.

II. STEADY-STATE DISTRIBUTION FUNCTION

Consider a one-dimensional bistable kinetic system,
which contains correlations between additive and multiplica-
tive white noise, and assume the dimensionless form

ẋ5x2x31xj~ t !1h~ t !. ~1!

The statistical properties of the noise terms are characterized
by their first and second moments,

^j~ t !&5^h~ t !&50,

^j~ t !j~ t8!&52Dd~ t2t8!,
~2!

^h~ t !h~ t8!&52ad~ t2t8!,

^j~ t !h~ t8!&5^h~ t !j~ t8!&52lAaDd~ t2t8! ~0<l<1!,

wherea andD are the additive and multiplicative noise in-
tensities, respectively. The parameterl measures the
strength of the correlations between additive and multiplica-
tive noise terms. The potential

U~x!52 1
2x

21 1
4x

4 ~3!*Mailing address.
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corresponding to~1! has two stable statesx1521, x251
and an unstable statex050.

The Fokker-Planck equation corresponding to~1! with ~2!
can be written as Fox’s equation for the probability function
@12# in the limit of the correlation times going to zero:

]

]t
P~x,t !52

]

]x
@x2x31Dx1lAaD#P~x,t !

1
]2

]x2
@Dx212lAaDx1a#P~x,t !. ~4!

The steady-state distribution function is

Pst~x!55 N@D~x!#21/2 expF2
Û~x!

D G for 0<l,1,

Ñ@D̃~x!#21/2 expF2
Û~x!

D G for l51,

~5!

where N and Ñ are normalization constants,D(x)5Dx2

12lAaDx1a, D̃(x)5Dx212AaDx1a, and the modi-
fied potentialÛ(x) is

Û~x!55
1
2x

222lAa/Dx1b1 lnuDx212lAaDx1au

1b2 tan
21FAD/ax1l

A11l2 G for 0<l,1

1
2x

222Aa/Dx1b̃1 lnuADx1Aau

1b̃2

1

ADx1Aa
for l51,

~6!

where

b15
a

2D
~4l221!2

1

2
, b25

l

A12l2 F a

D
~324l2!11G

~7!

and

b̃15
3a

D
21, b̃25AaF a

D
21G . ~8!

We can show that the extrema ofÛ(x) coincide with those
of the deterministic potentialU(x). However, the extrema of

FIG. 1. The valid region for 0<l,1 in the D-l parameter
plane.a50.1.R,0 in regions I and III,R.0 in region II.

FIG. 2. The valid region for 0<l,1 in thea-l parameter plane.
D50.1.R,0 in region I,R.0 in region II.

FIG. 3. The valid region forl51 in a-D parameter plane.R̃,0
in regions I and III,R̃.0 in regions II and IV.

FIG. 4. The MFPT of the bistable system for 0<l,1 ~15! as a
function ofD for a50.1.l50.1, 0.3, 0.5, 0.7, and 0.9, respectively.
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Pst(x) andU(x) do not coincide. The extrema of the station-
ary distribution~5! are determined by the algebraic equation

x32~12D !x1lAaD50 ~9!

and the critical curve separating the unimodal and bimodal
regions in thea-D plane is described by

1
4l2Da1 1

27 ~D21!350. ~10!

Thea-D plane has been plotted in Ref.@18#. For the bimo-
dal region,Pst(x) has three extrema:x̃15A cos@~u12p!/3#,
x̃25A cos~u/3!, and x̃05A cos@~u14p!/3# with

A52F11D

3 G1/2, u5cos21FlAaD

2 S 3

11D D 3/2G .
~11!

In the case of independent noises~l50!, the positions of the
extrema ofPst(x) are only dominated by the intensity of the
multiplicative noise. However, the presence of correlations
between noises~lÞ0! changes this picture. The positions of
the extreme values ofPst(x) depend on the intensity of the
multiplicative noise, the intensity of the additive noise, and
the parameterl, which denotes the degree of correlation be-
tween noise terms. For smalla andD, x̃1 , x̃2 , and x̃0 are
close tox1 , x2 , andx0 , respectively.

III. MEAN FIRST-PASSAGE TIME

Our aim is to discuss the effects of the strength of corre-
lations between additive and multiplicative noise terms on
the MFPT. A rigorous definition of escape time out ofx1 is
provided by the MFPTTx2(x1) of the processx(t) to reach
the pointx2 with initial conditionx(t50)5x1 . This is given
by @21–23#

Tx2~x1!5E
x1

x2 dx

D~x!Pst~x!
E

2`

x

dy Pst~y!. ~12!

In the case in which the intensity of the two types of fluc-
tuations, measured bya andD, is small in comparison with
the energy barrier

D,Û~x0!2Û~x1!, ~13!

Tx2(x1) becomes independent of the initial condition
x(t50),x0 and ofx2 @11#. The steepest-descent approxima-
tion @24–26# to ~12! becomes

Tx2~x1!'T52p@ uU9~x1!U9~x0!u#21/2 exp$@Û~x0!

2Û~x1!#/D%. ~14!

It is interesting to note that in~14! the dependence on the
noise intensities and the strength of correlations between the
noises is contained in the exponential factor, while the pref-

FIG. 5. The MFPT of the bistable system for 0<l,1 ~15! as a
function of a for D50.1. l50, 1, 0.3, 0.5, 0.7, and 0.9, respec-
tively.

FIG. 6. The MFPT of the bistable system for 0<l,1 ~15! as a
function of l. Curvea: the case ofa5D ~a50.1,D50.1!; curve
b: the case ofa,D ~a50.1,D50.128!; curvec: the case ofa.D
~a50.114,D50.1!.

FIG. 7. The MFPT of the bistable system forl51 ~16! as a
function ofD. a50.35, 0.5, and 0.7, respectively.

FIG. 8. The MFPT of the bistable system forl51 ~16! as a
function ofa. D50.3, 0.55, and 0.7, respectively.
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actor 2p[ uU9(x1)U9(x0)u]
21/2 is independent ofa, D, and

l. From ~3!, ~6!, and~14! we obtain the explicit expressions
of MFPT:

T15A2pUDa 22lS Da D 1/211U2b1 /D

expF2
1

2D
2
2lAaD

D2

1
b2

D S tan21
l

A12l2
2tan21

l2AD/a
A12l2 D G ,
for 0<l,1, ~15!

T25A2pU12S Da D 1/2U2b̃1 /D

expF2
1

2D
2
2AaD

D2

1
b̃2

DAa2aADG , for l51. ~16!

It must be pointed out that our results are confined by
~13!. Therefore, the MFPT~15! is valid for R.0 and

R52D2
1

2
22lS a

D D 1/21b1 ln
a

uD22lAaD1au

1b2F tan21
l

A11l2
2tan21

l2AD/a
A11l2 G . ~17!

The MFPT~16! is valid for R̃.0 and

R̃52D2
1

2
22S a

D D 1/21b̃1 ln
Aa

uAa2ADu

1b̃2F 1

Aa
2

1

Aa2ADG . ~18!

These provide the restriction on the noise intensitiesa and
D. In Figs. 1 and 2, we display the valid region for 0<l,1
in theD-l parameter plane and in thea-l parameter plane,
respectively. The valid regions in thea-D parameter plane
for l51 are displayed in Fig. 3.

IV. CONCLUSIONS

By virtue of the expressions of the MFPT~15! for
0<l,1 and~16! for l51, we have plotted the curves of the
MFPT in Figs. 4–9. These curves of MFPT are plotted in the
valid regions as shown in Figs. 1–3. The conclusions that
can be drawn from these figures are as follows.

When we fix the value of the intensity of additive noisea
~e.g.,a50.1!, Fig. 4 shows that the MFPT~15! increases as
the strength of correlations between additive and multiplica-
tive noisesl increases but decreases as the intensity of the
multiplicative noiseD increases. When we fix the valueD
~e.g.,D50.1!, Fig. 5 shows that the MFPT~15! increases
with increasingl but decreases with increasinga. The effect
of l on the MFPT can be understood by the change of the
SPD of the system with varyingl, which has been discussed
in Ref. @18#. The form of the SPD changes from a bimodal to
a unimodal structure asl increases, and the position of the

extremum of SPD shifts to the stable statex1521, so that
the effect ofl makes the MFPT increase. However, the ef-
fects ofa andD make the MFPT decrease as in the case of
uncorrelated noises@11#.

When we take the valuesa andD in the neighborhood of
a5D in the valid region, it is interesting to point out that the
MFPT ~15! for a5D is the biggest in the three casesa.D,
a5D, anda,D, under the samel as shown in Fig. 6.

For the case of perfectly correlated noises~l51!, there
are two valid regions~regions II and IV! in Fig. 3. In the
valid region II the MFPT~16! corresponding toa.D and
a,D exhibits very different behaviors. Whena is fixed, the
MFPT for a.D increases with increasingD but that for
a,D decreases with increasingD in Fig. 7. WhenD is
fixed, the MFPT forD.a increases asa increases, but that
for D,a decreases asa increases in Fig. 8. For the particu-
lar case ofl51, anda5D, the MFPT diverges to infinity
due to the factor

u12AD/au2b̃1 /D→`

in ~16! as shown in Figs. 7 and 8. In fact, with two identical
noises, the Langevin equation~1! can be written as

ẋ5x2x31xj~ t !1j~ t !,

changing the variable tou5(x11),

u̇52u~u21!~u22!1uj~ t !,

which corresponds to pure multiplicative noise acting on a
bistable system whose minima are now atu50 andu52.
Since we are considering escape from the potential well at
u50 ~i.e., x521!, where the multiplicative noise has no
effect at all, so that the MFPT is infinite. In the valid region
IV, becauseD@a, there is no the phenomenon as mentioned
above. The MFPT increases monotonically with increasing
D as can be seen in Fig. 9.
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FIG. 9. The MFPT of the bistable system forl51 ~16! as a
function ofD. a50.002, 0.003, and 0.004, respectively.
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